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Problem 1. Let A C R" be a closed set, and set U = R™ \ A.

(a) Show that there exists an exhaustion of U by relatively compact open sets, i.e.,
[o¢]
UyclhcUc---cU, | JU=0,
k=1

such that U is compact and Uy, C Uy for all k. 2]
(b) Let {®x} be a smooth partition of unity subordinate to the cover {Ugi1 \ Ug—1}r>1
(with Uy = 0). Define smooth functions v = 27%p; and set

F(z)=> tp(x), =zl

Show that this sum is well-defined and smooth on U. 2]
(c) Extend F' to all of R" by setting F'(x) = 0 for x € A. Prove that F' is smooth at

every point p € A, i.e., for every multi-index «,

lim D“F(z) = 0.

T—p

Problem 2. Let A be an invertible n X n real matrix, and consider the set
E={xeR":2=Ay, y e B(0)},
where By (0) is the unit ball in R”. The volume of the unit ball is

,/Tn/2

r(2+1)

where the Gamma function I' is defined for z > 0 by

F(z):/ t*te t dt.
0

(a) Using the Change of Variables formula, prove that

n —

m(E) = |det A| V,.



(b) Deduce the volume of the ellipsoid

2 2
E’:{xeR”;x—;+---+x—gg1}
aj an

by choosing an appropriate diagonal matrix A. 3]
Problem 3. Let A = [0,1]> C R? and define a C' map o : A — R* by
a(u,v) = (u, v, uv, sin(Tuv)).

(a) Compute the derivative matrix Da(u,v) and write the 2-volume element

[V(Da(u,v))| = y/det ((Da)? Do)

explicitly as a function of u and wv. 2]
(b) Let T : R* — R* be the linear map

1
0
2

o O O =
o O = O
—_ O = O

0

Show that for each (u,v) € A, the 2-volume element of the transformed surface

satisfies

[V(D(T o a)(u,v))] = y/det ((TDa(u, v))7(T Dalu, v)).

(c) Let Z =T(Y,). Show that the total 2-volume of Z can be expressed as

v(Z) = /A \/det ((D(T o @) (u,v))” D(T o a)(u,v)) dudv.

Further, prove that this integral can be factored as

w(Z) = /A \/det ((Da(u,0))" Da(u, v)) \/det (DT |t D))" DTl D)) dus o,

and conclude that v(Z) is independent of the choice of parametrization a of Y,,. [3]

Problem 4. Consider the surface
M = {(l‘,y,Z) € R*: $2+y2+2’2 =1, $2+y2 :Z}.

(a) Show that M is a 1-dimensional manifold (a curve) in R? by checking that the gradi-
ents of the defining functions are linearly independent at every point of M. 3]
(b) Use the Implicit Function Theorem to express y and z locally as smooth functions of
x (or any other suitable choice of parameter). 3]

(c) Let f(z,y,2) = 22 Set up the integral

/Mfdv

as an integral over your chosen parameter. Express the integrand in terms of this

parameter using the chain rule. You do not need to compute the integral explicitly.

[3]
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